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Extending notions from undirected graphs, we introduce directed graphs with the property
that distances are preserved when taking induced subdigraphs. We characterize these
distance-hereditary digraphs in terms of paths, their level structure and forbidden induced
subdigraphs. Weaker requirements than the preservation of distances allow the distance to
increase by a multiplicative or additive constant. For these (k, {+,∗})-distance-hereditary
digraphs we give characterizations and provide computational complexity results for the
corresponding recognition problems.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Graphs are frequently used to model networks. One of the main issues concerning a network is the connectivity between
its vertices. In particular, it may be required that, even if some of the vertices fail, the distances between pairs of vertices are
preserved or widely preserved. In case of undirected graphs this leads to the notion of distance-hereditary graphs introduced
by Howorka [9]. These graphs have the property that distances between each pair of vertices are preserved in connected
induced subgraphs.
Several characterizations of distance-hereditary graphs have been obtained by Bandelt and Mulder [2]. Further results
can be found in [6,8,10,13]. Cicerone and Di Stefano [3–5] introduced two parametric extensions of the class of distance-
hereditary graphs. They call a graph G a (q,∗)-distance-hereditary graph if the distance between any two vertices in every
connected induced subgraph of G is at most q times their distance in G . A graph G is a (k,+)-distance-hereditary graph
if the distance between any two vertices in every connected induced subgraph exceeds their distance in G by at most k.
Cicerone and Di Stefano [5] characterized (2 − 1i ,∗)-distance-hereditary graphs for i  1 by forbidden induced subgraphs.
They provide a polynomial time recognition algorithm for these classes and prove in [3] that the general recognition problem
for (q,∗)-distance-hereditary graphs is co-N P-complete.
In [1,4,12] (k,+)-distance-hereditary graphs are characterized. For (1,+)-distance-hereditary graphs Cicerone and Di Ste-
fano [4] prove that they can be characterized by ﬁnitely many forbidden induced subgraphs and show that the recognition
problem for (1,+)-distance-hereditary graphs is polynomially solvable. The recognition problem for general (k,+)-distance-
hereditary graphs is co-N P-complete [4].
In this paper we extend the concept of distance-inheritance from graphs to digraphs. We characterize distance-hereditary
digraphs in terms of induced paths, distance levels and forbidden induced subdigraphs. Furthermore we introduce two para-
metric extensions of distance-hereditary digraphs, namely (q,∗)-distance-hereditary digraphs and (k,+)-distance-hereditary
digraphs. We show that the recognition problems for both classes are co-N P-complete.
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2. Preliminaries
We consider ﬁnite simple loopless unweighted digraphs G = (V , A) with vertex set V and arc set A. For a vertex v , we
denote by N−(v) (N+(v)) the set of vertices {u: (u, v) ∈ A} ({u: (v,u) ∈ A}).
A sequence of pairwise distinct vertices (v1, v2, . . . , vn) is a directed path or dipath in a directed graph G = (V , A) if
(vi, vi+1) ∈ A for 1 i < n. A path starting in v1 and ending in vn is also called a directed (v1, vn)-path. The length of the
dipath (v1, v2, . . . , vn) is the number n − 1 of its arcs. The distance dG(u, v) between two vertices u and v is the length of
a shortest path connecting u to v . We set dG(u, v) = ∞ if there is no (u, v)-path in G .
Given a subset V ′ ⊆ V of a digraph, the induced subdigraph is the subdigraph of G with vertex set V ′ and all arcs having
both endpoints in V ′ . A directed path (v1, v2, . . . , vn) of V is an induced directed path in G if there is no arc (vi, v j) with
j > i+1. Note that an induced directed path P = (v1, v2, . . . , vn) may contain more than n−1 arcs (in contrast to the usual
deﬁnition of induced paths in undirected graphs). For an induced directed path P (v1, vn) = (v1, v2, . . . , vn) let |P (v1, vn)| =
n − 1 be the number of its arcs of type (vi, vi+1). A path P (v1, vn) is said to be geodetic if dG(v1, vn) = |P (v1, vn)|.
3. Distance-hereditary digraphs
We call a digraph G = (V , A) distance-hereditary if for all induced subdigraphs G ′ = (V ′, A′) of G and all vertices u, v ∈ V ′
either v cannot be reached from u or the distance is the same as in G , i.e. dG ′ (u, v) = dG(u, v).
Lemma 1. A digraph G is distance-hereditary if and only if every induced directed path P is geodetic.
Proof. Let G be a distance-hereditary digraph and P (u, v) be an induced directed (u, v)-path. Then dG(u, v) |P (u, v)| =
dP (u,v)(u, v) = dG(u, v). So P (u, v) is geodetic. Conversely, let H be an induced subdigraph of G and P (u, v) a path in H .
Then P (u, v) is an induced directed path both in H and in G and hence geodetic. Then dG(u, v)  dH (u, v)  |P (u, v)| =
dG(u, v). Thus G is distance-hereditary. 
Bandelt and Mulder [2] showed that distance-hereditary graphs can be described in terms of distance levels. We extend
this characterization to digraphs. For this, let G be a digraph, u ∈ V a vertex and t = maxdG(u, v) with v ∈ V (G), dG(u, v) <
∞. A hanging hu in a vertex u is a set {L0(u), L1(u), . . . , Lt(u), L∞(u)} with Li(u) = {v ∈ V with dG(u, v) = i, 0 i  t} (cf.
Fig. 1). The set L∞(u) contains the vertices v ∈ V with dG(u, v) = ∞.
Theorem 2. A digraph G = (V , A) is distance-hereditary if and only if for all vertices u ∈ V with hanging hu = {L0(u), L1(u), . . . ,
Lt(u), L∞(u)} and every pair of vertices x, y ∈ Li(u), 1 i  t with a directed path from x to y in G \ Li−1(u) the following holds:
N−(x) ∩ Li−1(u) ⊆ N−(y) ∩ Li−1(u).
Proof. First we prove the “only if” part. Let G = (V , A) be a distance-hereditary digraph and hu = {L0(u), L1(u), . . . ,
Lt(u), L∞(u)} a hanging of G in u. Let x, y be a pair of vertices in Li(u) such that there exists a directed (x, y)-path in
G \ Li−1(u). Suppose that there exists a vertex z ∈ N−(x) ∩ Li−1(u) with z /∈ N−(y) ∩ Li−1(u).
By deﬁnition of the hanging, there exists a (u, y)-path P1 = (u,u1, . . . ,ui−1, y) and a (u, x)-path P = (u, v1, . . . ,
vi−2, z, x). Since both paths are shortest paths, they are also induced directed paths in G . Let (w0,w1, . . . ,wk, y) be a
shortest directed path in G \ Li−1(u) from x = w0 to y. Since (z,w0) = (z, x) ∈ A and (z, y) /∈ A, there exists a maximal
index t such that (z,wt) ∈ A. Then P2 = (u, v1, . . . , vi−2, z,wt , . . . ,wk, y) is an induced (u, y)-path in G . Since |P1| < |P2|,
we arrive at a contradiction to our assumption that G is distance-hereditary.
For the converse, suppose that the condition holds but G is not distance-hereditary. Let P1 and P2 be two induced
directed (u, v)-paths with |P1| < |P2|. If there exists more than one pair u, v with this property we choose a pair of vertices
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u, v with minimal distance. Furthermore, we also choose P2 of minimal length. Let hu = {L0(u), L1(u), . . . , Lt(u), L∞(u)} be
the hanging in u of G . Let v ∈ Lk(u). We distinguish two cases.
(i) There exists a vertex w ∈ Lk(u) and a directed path P3 = (w, v1, . . . , vt , v) from w to v in G \ Lk−1(u). Assume that
P2 = (u,u1, . . . ,us,w, v1, . . . , vt , v). From the minimality of P2 we conclude that us ∈ Lk−1(u). The path P2 is an induced
directed path. Hence (us, v) /∈ A, contradicting our assumption.
(ii) For all pairs of vertices v,w ∈ Lk(u) there is no directed path from w to v in G \ Lk−1(u). Let P2 = (u,u1, . . . ,us, v).
Since |P2| > |P1|, there must exist a smallest index i, such that ui ∈ L j(u) for some j < i. The path P ′2 = (u,u1, . . . ,ui) is
a subpath of P2 and therefore an induced directed path in G . Hence the distance between u and ui is smaller than i. The
shortest path P ′1 from u to ui is an induced directed path in G . So there are two induced directed (u,ui)-paths P ′1 and P ′2
with |P ′1| < |P ′2| and |P ′1| < |P1|. This is a contradiction to the choice of the path P1. 
The previous theorem gives rise to a characterization of distance-hereditary digraphs via forbidden induced graphs. For
this, consider two induced directed (s, t)-paths (s = u0,u1, . . . ,ud = t) and (s = v0, v1, . . . , vk = t). We call two such paths
a directed (s, t)-bipath if they are vertex-disjoint, i.e. ui = v j for 1 i  d and 1 j  k. We say that a directed (s, t)-bipath
is skew if k > d 2 and the subgraph induced by the vertices of the two paths contains the arcs of the paths and no other
arc except some of the following: (ui,u j), (vi, v j) for i > j, (vk−d,u1), (vd−1,u1), (ud−1, v1) and (ud−1, vd). Fig. 2 shows a
skew (s, t)-bipath with d = 4 and k = 6.
Theorem 3. A digraph G = (V , A) is distance-hereditary if and only if it does not contain a skew bipath as induced subgraph.
Proof. It is easy to see that a digraph is not distance-hereditary if it contains a skew directed bipath. Conversely, if a digraph
is not distance-hereditary then, by Theorem 2, there is a vertex u with hanging hu , an index i and vertices x, y ∈ Li(u) with
a directed path from x to y in G \ Li−1(u) such that N−(x) ∩ Li−1(u)  N−(y) ∩ Li−1(u). If there is more than one such
(x, y)-path we take a shortest one.
Hence there is a vertex q ∈ Li−1(u) such that (q, x) ∈ A, (q, y) /∈ A. In particular, q = u. By deﬁnition of a hanging,
G contains an induced directed (u, y)-path and an induced directed (u,q)-path. Starting in u, let s be the last vertex
which is common to both paths, and let t = y. Then we have an induced directed (s, t)-path (s = u0,u1, . . . ,ud = t) of
length d  2 and an induced directed (s, t)-path (s = v0, v1, . . . ,q = vd−1, x = vd, . . . , vk = t) of length k > d. Among all
hangings violating Theorem 2, we choose one for which d as constructed before is minimal. We claim that the vertices
s,u1, . . . ,ud−1, v1, . . . , vk−1, t induce a skew directed bipath.
Since we consider a hanging and a shortest (x, y)-path, there are no edges (ui,u j), (vi, v j), (ui, v j) and (vi,u j) for
j > i + 1. Suppose there is an arc (ui, v j) with j  i + 1. This arc splits the (s, t)-bipath into an (s, v j)-bipath and a (ui, t)-
bipath. Since we have chosen d to be minimal, we must have j = i + 1 or j = 1 and t = d − 1 or d − i = k − j + 1. The
latter case contradicts k > d and j  i + 1. The other cases lead to i = d− 1, j = d and i = d− 1, j = 1, i.e. arcs (ud−1, vd) or
(ud−1, v1). A similar argumentation for an arc (vi,u j) with j  i + 1 leads to i = d − 1, j = 1, i = k − d, j = 1 or i = d − 1,
j = d. The latter is impossible since by assumption (vd−1,ud) = (q, y) /∈ A. Hence s,u1, . . . ,ud−1, v1, . . . , vk−1, t induce a
skew directed bipath as claimed. 
At the end of the next section we will show that distance-hereditary digraphs can be recognized in polynomial time. We
close this section with a construction which in the undirected case allows to build up all distance-hereditary graphs. We
sketch to what extent this construction can be generalized to the directed case.
Let G be an undirected graph and x ∈ V (G). Let N(x) be the set of vertices of G which are adjacent to x. Bandelt and
Mulder [2] extended G to the graph G ′ by adding a new vertex x′ and one of the following edge sets: the edge (x′, x), the
edges (x′, v) with v ∈ N(x) ∪ x or the edges (x′, v) with v ∈ N(x). They showed that if G is distance-hereditary then so is
G ′ . We generalize these one-vertex extensions to directed graphs in the following way (cf. Fig. 3).
(1) Add a new vertex v and one of the arcs (u, v) or (v,u) with u ∈ V (G).
The vertex v is called pendant vertex of u.
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(2) Add a new vertex v and one of the sets of arcs:
(a) {(u, v)} ∪ {(w, v) | w ∈ N−(u)} ∪ A′ with A′ ⊆ {(v,w) | w ∈ N+(u)} or
(b) {(v,u)} ∪ {(v,w) | w ∈ N+(u)} ∪ A′ with A′ ⊆ {(w, v) | w ∈ N−(u)}.
The vertex v is called true twin of u.
(3) Add a new vertex v and the two sets of arcs:
(a) {(w, v) | w ∈ N−(u)} and
(b) {(v,w) | w ∈ N+(u)}.
The vertex v is called false twin of u.
Theorem 4. Let G be a distance-hereditary digraph and G ′ be constructed from G by a sequence of extensions with pendant vertices,
true twins or false twins. Then G ′ is also distance-hereditary.
Proof. The proof is by induction on the number of vertices. Let G ′ be a digraph constructed by one of the above vertex
extensions from a distance-hereditary digraph G . In case G ′ is constructed by adding a pendant vertex v to a vertex u
then every directed path from v or to the vertex v contains the vertex u. Since G is a distance-hereditary digraph, the
constructed graph G ′ is also distance-hereditary.
We consider the case that G ′ is constructed by adding a true twin v of the vertex u and the set of arcs speciﬁed in case
(2)(a). Let P be an induced directed path in G ′ . We show that P is geodetic. If P does not contain the vertices u and v
then P is geodetic by induction. In case P contains both vertices u and v then the length of P is one, since N−(u) = N−(v)
and N+(v) ⊆ N+(u) and therefore P is geodetic. In the remaining cases the path P contains one of the vertices u or v .
Let u ∈ V (P ), then P is an induced path in G and it is geodetic by induction. Now let v ∈ V (P ). If P is not geodetic then
the path P ′ constructed from P by replacing the vertex v with the vertex u is not geodetic. This is a contradiction to our
assumption that G is distance-hereditary.
The remaining cases can be shown analogously. 
In the undirected case, the more surprising result by Bandelt and Mulder [2] is that every distance-hereditary graph
can be constructed by one-vertex extensions from K2. In the directed case, however, one-vertex extensions as described
in Theorem 4 are not enough. For instance, a cycle Cn = (c1, c2, . . . , cn) with a cyclic orientation of the arcs is distance-
hereditary but cannot be constructed as above.
4. (q,∗)-distance-hereditary digraphs
We now weaken our requirement and allow the distances to grow in a controlled way. We consider digraphs with the
property that distances in induced subdigraphs either become inﬁnite or increase by a factor of at most q. Let DH(q,∗) be
the class of all digraphs G = (V , A) such that for all induced subdigraphs G ′ = (V ′, A′) of G the following holds:




with dG ′(u, v) < ∞.
For the characterization of (q,∗)-distance-hereditary digraphs we need the notion of the stretch number. Let G be a
digraph and u, v be a pair of vertices of G with dG(u, v) < ∞. Let DG(u, v) denote the length of a longest induced (u, v)-
path in G . The stretch number of u, v is deﬁned as
sG(u, v) = DG(u, v) .
dG(u, v)
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By S(G) we denote the set of all pairs of vertices (u, v) with sG(u, v) = s(G). The following facts are direct consequences
of the deﬁnition:
(i) if (u, v) is an arc of a digraph G , then the longest induced path from u to v is the arc (u, v) and therefore sG(u, v) = 1,
(ii) s(G) = 1 for transitive digraphs G ,
(iii) DH(q1,∗) ⊆ DH(q2,∗) for q1  q2.
Lemma 5. Let G be a digraph. Then s(G) = min{t: G ∈ DH(t,∗)}.






and hence dG ′ (u, v) s(G)dG(u, v). Thus G ∈ DH(s(G),∗).
Suppose there exists a rational number t < s(G) with G ∈ DH(t,∗). Let u, v be a pair of vertices of G with (u, v) ∈ S(G).




With dP (u, v) = DG(u, v) > tdG(u, v) we conclude, that G /∈ DH(t,∗), which is a contradiction to our assumption. 
As a direct consequence of Lemma 5 we obtain the following theorem.
Theorem 6. Let G be a digraph. Then G ∈ DH(q,∗) if and only if s(G) q.
The class DH(q,∗) is closed under taking induced subdigraphs.
Lemma 7. Let G ∈ DH(q,∗) and G ′ be an induced subdigraph of G. Then G ′ ∈ DH(q,∗).
Proof. Let G ∈ DH(q,∗) and G ′ be an induced subdigraph of G . Then dG ′ (u, v)  dG(u, v) and DG ′ (u, v)  DG(u, v) for
dG ′(u, v) < ∞. With DG ′ (u, v) DG(u, v) qdG(u, v) qdG ′(u, v) we conclude that G ′ ∈ DH(q,∗). 
Lemma 8. Let G be a digraph and (u, v) ∈ S(G). Let PG(u, v) be a directed path in G from u to v with |PG(u, v)| = DG(u, v) and
pG(u, v) be a shortest directed path in G from u to v. If there exists a vertex w with w ∈ (V (PG(u, v)) ∩ V (pG(u, v))) \ {u, v}, then
(u,w) ∈ S(G) or (w, v) ∈ S(G).
Proof. Let q = s(G), (u, v) ∈ S(G) and w /∈ {u, v} be a vertex on a shortest and a longest directed induced path from u
to v . Suppose that neither (u,w) nor (w, v) is an element of S(G). Then we have DG(u,w) < qdG(u,w) and DG(w, v) <
qdG(w, v). Moreover, DG(u, v) DG(u,w) + DG(w, v) and dG(u, v) = dG(u,w) + dG(w, v) imply
DG(u, v)
dG(u, v)
 DG(u,w) + DG(w, v)
dG(u,w) + dG(w, v) <
qdG(u,w) + qdG(w, v)
dG(u,w) + dG(w, v) = q.
This contradicts our assumption that (u, v) ∈ S(G). 
4.1. Recognition problem
We now turn to the recognition problem of the class DH(q,∗). We start by deﬁning three decision problems.
(IDP) Induced directed path: Given a digraph G and a k ∈ N, does G contain an induced directed path with length greater
or equal to k?
(SN) Stretch number: Given a digraph G and a q ∈ Q; is the stretch number of G greater than q?
(RPDH∗) Recognition problem DH(q,∗): Given a digraph G and a q ∈ Q, is the digraph G an element of DH(q,∗)?
We start with problem IDP. For an undirected graph it is N P-complete to decide whether it has an induced path of
length greater or equal to k [7]. We show that this is also true in directed graphs.
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Theorem 9. The problem IDP is N P-complete.
Proof. Since checking whether a path is induced and calculating its length is easy, the problem IDP is in N P . For the proof
of the N P-hardness we reduce the SAT-problem to IDP. An instance of SAT consists of a formula C = C1 ∧ C2 ∧ · · · ∧ Ck
where each clause Ci is a disjunction of literals.
Given a formula C , we construct a digraph G(C) = (V , A) as follows (see Fig. 4 for an illustration). For each clause Ci
and each literal l j in Ci we have one vertex v(Ci, l j) in G . An arc links vertex v(Ci, l j) to vertex v(Cr, ls) in G if
(a) r = i + 1 k and l j and ls are not a pair of complementary literals or
(b) i + 1 < r  k and l j and ls are a pair of complementary literals.
We claim that C has a satisfying truth assignment if and only if G has an induced directed path of length k. For this, consider
a satisfying truth assignment S . Each clause Ci contains at least one literal li which ensures that the clause evaluates to
true. Then the path (v(C1, l1), . . . , v(Ck, lk)) is an induced directed path in G of length k.
Conversely, let P be an induced directed path in G with |P | = k. The construction of G ensures, that the path P contains
exactly one literal of each clause. Since P is an induced directed path, P does not contain vertices of complementary literals.
Therefore, if we set the literals of P to one, we obtain a satisfying truth assignment for C . 
Observe that the problem IDP is N P-complete even for acyclic digraphs.
Theorem 10. The problem SN is N P-complete.
Proof. It is obvious that the problem SN is in N P (given a pair of induced directed paths from u to v , check in polynomial
time whether the ratio of their lengths is greater than q).
The problem SN is proved to be N P-complete by reducing problem IDP to it. Let G = (V , A) be a digraph and k ∈ N. We
construct a digraph H = (V ′, A′) by adding for each vertex v ∈ V a vertex v ′ and an arc from v to v ′ . Let W denote the set
of added vertices. Furthermore, we add a vertex u and arcs (v ′,u) for each vertex v ′ ∈ W . See Fig. 5 for the construction.
In the following we show that there exists an induced directed path P in G with length greater or equal to k if and only
if s(H) k+22 . The claim then follows for q = k+12 .
Let P = (v1, v2, . . . , vn) be an induced directed path in G with |P | = n− 1 k. Then the path P ′ = (v1, v2, . . . , vn, v ′n,u)
is induced in H with |P ′| = n + 1 k + 2. The distance between v1 and u in H is equal to two. Therefore,
s(H) DH (v1,u)
dH (v1,u)
 k + 2
2
.
Conversely, let s(H) k+22 . Since each arc is an induced directed path of length one, the theorem holds for k = 1. Now let
k  2. There exists a pair of vertices x and y with (x, y) ∈ S(G) and sH (x, y)  k+22 . Clearly dH (x, y)  2, since otherwise
the stretch number of x and y would be equal to one. We show: x ∈ V and y = u by distinguishing different cases:
(1) x ∈ W : then we have y = u and dH (x, y) = 1.
(2) x = u: since u is a sink in H , this case cannot occur.
(3) y ∈ W : let y′ be the unique neighbor of y in V . Then every path from x to y contains the vertex y′ . We conclude with
Lemma 8 that (x, y′) ∈ S(G) and (y′, y) ∈ S(G). Since (y′, y) is an arc in H , we obtain sH (x, y) = 1, in contradiction to
sH (x, y) k+2 with k 2.2
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(4) x, y ∈ V : let P (x, y) = (x, v1, v2, . . . , vn, y) be an induced directed path in H with |P (x,y)|dG (x,y) = s(G). The path P ′(x,u) =







the pair (x, y) /∈ S(G).
Hence the only case left is x ∈ V and y = u. Due to the construction of H we have:
s(H) = DH (x, y)
2
 k + 2
2
.
There exists an induced directed path P ′ = (x, v1, . . . , vn, v ′n,u) in H with |P ′| k+2. Therefore, the path P = (x, v1, . . . , vn)
is an induced directed path in G with |P | k. 
With the above result we conclude:
Corollary 11. The problem RPDH∗ is co-N P-complete.
What if we ﬁx q? So we look at the q-recognition problem DH(q,∗) (q-RPDH∗): given a digraph G , is the digraph G an
element of DH(q,∗)? In the undirected case, there exists a linear algorithm, which determines if a graph is a distance-
hereditary graph or not [2,8]. For q < 2 Cicerone and Di Stefano [5] constructed a polynomial algorithm which decides if an
undirected graph belongs to the class DH(q,∗). The complexity status of the decision whether an undirected graph belongs
to the class DH(q,∗) for q 2 is still open.
In the directed case, there exists a polynomial algorithm which decides whether a digraph is distance-hereditary. Let
I˚G(u, v) be the set of vertices which are contained in some shortest (u, v)-path, excluding u and v . A digraph G is distance-
hereditary if and only if for all pairs of vertices u, v in V (G) with dG(u, v) 2 there exists no directed (u, v)-path in the
graph G \ I˚G(u, v). This result follows directly from Lemma 8. The complexity status of the problem q-RPDH∗ for q > 1 is
open.
Another challenging problem could be:
(MOSN) Minimum oriented stretch number: Given a graph G and a rational number q, is there an orientation H of G with
s(H) q?
It is easy to see that for all transitively orientable graphs G there exists an orientation H with s(H) = 1. With Theo-
rem 4 we have shown that for all distance-hereditary graphs G there exists an orientation H with s(H) = 1. Moreover, we
conjecture that for all undirected graphs G with stretch number q there exists an orientation H with s(H) q.
5. (k,+)-distance-hereditary digraphs
We now require that the distance grows by at most an additive constant and investigate the class of (k,+)-distance-
hereditary digraphs. We say that a digraph G = (V , A) belongs to the graph class DH(k,+) if for all induced subdigraphs
G ′ = (V ′, A′) of G the following holds:




with dG ′(u, v) < ∞.
Cicerone and Di Stefano [4] introduced and characterized the class of (k,+)-distance-hereditary graphs. Some of their
results can be extended to digraphs. For this, let (u, v) be a pair of vertices of the digraph G with dG(u, v) < ∞. The dilation
number δG(u, v) of the pair u and v is deﬁned as
δG(u, v) = DG(u, v) − dG(u, v).
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By D(G) we denote the set of pairs of vertices (u, v) with δG(u, v) = δ(G).
The following statements are immediate consequences of the deﬁnitions:
(i) DH(0,+) = DH(1,∗).
(ii) DH(k,+) = DH(k,+) ∀k 0.
(iii) DH(k1,+) ⊆ DH(k2,+) ∀k1  k2.
(iv) If δ(G) = 0 then D(G) contains all pairs of vertices of G .
(v) If δ(G) > 0 then dG(u, v) 2 for all (u, v) ∈ D(G).
Theorem 12. A digraph G belongs to the graph class DH(k,+) if and only if δ(G) k.
Proof. Let δ(G)  k. By deﬁnition, δ(G)  DG(u, v) − dG(u, v) for all u, v with dG(u, v) < ∞. Let G ′ be an induced subdi-
graph of G . With δ(G)  dG ′ (u, v) − dG(u, v) for all u, v with dG ′(u, v) < ∞ we conclude that dG ′ (u, v)  dG(u, v) + δ(G)
for all u, v with dG ′(u, v) < ∞. Therefore G belongs to the graph class DH(δ(G),+).
Now, suppose G ∈ DH(t,+) for some number t < δ(G). Let (u, v) be a pair of vertices of the set D(G) and let G ′ be the
induced subdigraph of G , which is induced by a longest induced directed path from u to v . Then dG ′ (u, v) = DG(u, v). With
DG(u, v) − dG(u, v) = δ(G) > t we conclude DG ′ (u, v) = DG(u, v) > t + dG(u, v). Therefore G /∈ DH(t,+), contradicting our
assumption. 
The graph classes DH(q,∗) and DH(k,+) are related in the following sense:








Proof. Let k 1 be a natural number and G ∈ DH(k,+) be a digraph. For u, v ∈ V (G) we have DG(u, v) k + dG(u, v). For
dG(u, v) = 1, the stretch number of the pair u, v is equal to 1 < 1+ k2 . For dG(u, v) 2 we conclude with
sG(u, v) = DG(u, v)
dG(u, v)







that G ∈ DH(1+ k2 ,∗).
For each k ∈ N we construct a digraph Gk ∈ DH(1 + k2 ,∗) with Gk /∈ DH(k,+). The graph Gk consists of two cycles of
length k+ 4 and one arc between the two cycles. See Fig. 6 for the orientation of the arcs. The distance between u2 and v2
is equal to ﬁve and the longest induced directed path from u2 to v2 has length 2k + 5. Therefore, δ(Gk) 2k + 5 − 5 = 2k
and Gk /∈ DH(k,+).
The stretch number of Gk is
s(Gk) = sGk (u2,uk+4) =
DGk (u2,uk+4)
dGk (u2,uk+4)





Therefore we conclude, that Gk ∈ DH(1+ k2 ,∗). 
5.1. Recognition problem
The problem to decide whether an undirected graph belongs to the graph class DH(k,+) was shown to be co-N P-
complete by Cicerone and Di Stefano [4]. In this section we will investigate this problem for digraphs. First we deﬁne two
decision problems.
(DN) Dilation number: Given a digraph G and a k ∈ N, is the dilation number of G greater than k?
(RPDH+) Recognition problem DH(k,+): Given a digraph G and a k ∈ N, is the digraph G an element of DH(k,+)?
Theorem 14. The problem DN is N P-complete.
M. Lätsch, R. Schrader / Journal of Discrete Algorithms 8 (2010) 231–240 239Fig. 6. A family of digraphs Gk ∈ DH(1+ k2 ,∗) with Gk /∈ DH(k,+), see Theorem 13.
Proof. Since it is easy to check whether the difference between the lengths of two paths is greater than k, the problem DN
is in N P . To show the N P-completeness, we reduce the problem IDP to the problem DN. Let G be a digraph and k ∈ N.
Like in Theorem 10 we construct a digraph H = (V ′, A′) by adding a vertex v ′ for each vertex v ∈ V (G) and an arc from v
to v ′ . We denote the set of added vertices by W . Furthermore, we add a vertex u and arcs (v ′,u) for each vertex v ′ ∈ W .
See Fig. 5 for the construction.
In the following we show that there exists an induced directed path P in G with length greater or equal to k if and only
if the dilation number of H is greater than k − 1.
Assume that there exists an induced directed path P = (v1, v2, . . . , vn) in G with |P | k. The path P ′ = (v1, . . . , vn, v ′n,u)
is an induced directed path in H with |P ′| k + 2. By construction we have dH (v1,u) = 2 and therefore:
δ(H) DH (v1,u) − dH (v1,u) k + 2− 2 > k − 1.
Conversely, let δ(H) > k − 1. Since each arc is an induced directed path of length one, the theorem is true for δ(H) = 0.
Let δ(H) 1. There exists a pair of vertices (x, y) ∈ S(H) with δH (x, y) 1. We show that x ∈ V and y = u by distinguishing
different cases:
(1) x ∈ W : then we have y = u and δH (x, y) = 0.
(2) x = u: since u is a sink in H , this case is impossible.
(3) y ∈ W : let P = (x, v1, . . . , vn, y) is a longest induced directed path from x to y in H , then the path P ′ =
(x, v1, . . . , vn, y,u) is an induced directed path with
DH (x, y) − dH (x, y) < DH (x,u) − dH (x,u)
and therefore (x, y) /∈ S(H).
(4) x, y ∈ V : then we can increase the length of an induced path by two and obtain a contradiction to the assumption that
(x, y) ∈ S(H). 
With the above result we conclude:
Corollary 15. The problem RPDH+ is co-N P-complete.
6. Conclusion and outlook
Some open problems have already been mentioned before, many more remain unsolved. Among others, we were not able
to answer the question whether there is a construction scheme to construct all distance-hereditary digraphs. This scheme
may not exist, since the distance-hereditary digraphs contain the transitively oriented graphs. Furthermore, it would be
interesting to examine if there are problems which become considerably easier when restricted to distance-hereditary di-
graphs. In the undirected case there do exist problems which are N P-complete for general graphs and polynomially solvable
for distance-hereditary graphs. For instance, Nicolai and Szymczak [11] constructed a linear time algorithm to determine
the size of a minimum dominating set for distance-hereditary graphs. Another challenging problem is the computational
complexity of problem q-RPDH∗. If the problem q-RPDH∗ is hard, which is the largest constant q such that the recognition
problem q-RPDH∗ can be solved in polynomial time? One could combine the two classes DH(q,∗) and DH(k,+) to the class
DH(q,k) where a digraph G belongs to DH(q,k) if for all induced subdigraphs G ′ of G the distance dG ′ (u, v) qdG(u, v)+ k
for all pairs of vertices u, v with dG ′ (u, v) < ∞.
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